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Abstract 

A generator of a metric space is a set S of points in the space with the property that 
every point of the space is uniquely determined by its distances from the elements of S. Given 
a simple graph G = {V,E), we define the distance function do ,2 : P x E ^ N U {0}, as 
dG,2{x,y) = min{dG{x,y),2}, where dG(x,y) is the length of a shortest path between x and y 
and N is the set of positive integers. Then (V, do, 2 ) is a metric space. We say that a set S GV 
is a k-adjacency generator for G if for every two vertices x,y £V, there exist at least k vertices 
wi,W 2 ,..., Wk € S such that 

dG,2[x,Wi) ^ do, 2 ( 1 /, Wi), for every i € {1,..., k}. 

A minimum cardinality fc-adjacency generator is called a k-adjacency basis of G and its cardi¬ 
nality, the k-adjacency dimension of G. 

In this article we study the problem of finding the fc-adjacency dimension of a graph. We give 
some necessary and sufficient conditions for the existence of a fc-adjacency basis of an arbitrary 
graph G and we obtain general results on the fc-adjacency dimension, including general bounds 
and closed formulae for some families of graphs. In particular, we obtain closed formulae for the 
fc-adjacency dimension of join graphs G -\- H in terms of the fc-adjacency dimension of G and 
H. These results concern the fc-metric dimension, as join graphs have diameter two. As we can 
expect, the obtained results will become important tools for the study of the fc-metric dimension 
of lexicographic product graphs and corona product graphs. Moreover, several results obtained 
in this paper need not be restricted to the metric do, 2 , they can be expressed in a more general 
setting, for instance, by using the metric dG,t{x,y) = mm{dG{x,y),t} for t € N. 


1 Introduction 

A generator of a metric space {X, d) is a set S' C A1 of points in the space with the property that 
every point of X is uniquely determined by the distances from the elements of S. Given a simple 
and connected graph G = (E, E), we consider the function c?g : E x E ^ N U {0}, where doix, y) is 
the length of a shortest path between u and v and N is the set of positive integers. Then (E, da) is a 
metric space since da satisfies (i) dcixjx) = 0 for all x G V,{ii) da{x,y) = dG{y,x) for all x,y €V 
and (Hi) dcix, y) < daix, z) -\- dciz, y) for all x,y, z € V. A vertex u G E is said to distinguish two 
vertices x and y if daivjx) 7 ^ dG{v,y). A set S C E is said to be a metric generator for G if any 
pair of vertices of G is distinguished by some element of S. A minimum cardinality metric generator 
is called a metric basis, and its cardinality the metric dimension of G, denoted by dim(G). 

The notion of metric dimension of a graph was introduced by Slater in [17], where the metric 
generators were called locating sets. Harary and Melter independently introduced the same concept in 
[9] , where metric generators were called resolving sets. Applications of this invariant to the navigation 
of robots in networks are discussed in [14] and applications to chemistry in [12, 13]. Several variations 
of metric generators, including resolving dominating sets [ 1 ], independent resolving sets [ 2 ], local 
metric sets [15], strong resolving sets [16], adjacency resolving sets [11], fc-metric generators [3, 4], 
etc., have since been introduced and studied. In this article, we focus on the last of these issues: we 
are interested in the study of adjacency resolving sets and fc-metric generators. 
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The concept of adjacency generator^ was introduced by Jannesari and Omoomi in [11] as a 
tool to study the metric dimension of lexicographic product graphs. This concept has been studied 
further by Fernau and Rodriguez-Velazquez in [7, 8 ] where they showed that the (local) metric 
dimension of the corona product of a graph of order n and some non-trivial graph H equals n times 
the (local) adjacency dimension of H. As a consequence of this strong relation they showed that 
the problem of computing the adjacency dimension is NP-hard. A set S' C V of vertices in a graph 
G = (y, E) is said to be an adjacency generator for G if for every two vertices x,y € V\S there exists 
s € S such that s is adjacent to exactly one of x and y. A minimum cardinality adjacency generator 
is called an adjacency basis of G, and its cardinality the adjacency dimension of G, denoted by 
adim(G). 

Notice that S is an adjacency generator for G if and only if S is an adjacency generator for 
its complement G. This is justified by the fact that given an adjacency generator S for G, it holds 
that for every x,y € V \ S there exists s € S such that s is adjacent to exactly one of x and y, and 
this property holds in G. Thus, adim(G) = adim(G). Besides, from the definition of adjacency and 
metric bases, we deduce that S is an adjacency basis of a graph G of diameter at most two if and 
only if S' is a metric basis of G. In these cases, adim(G) = dim(G). 

As pointed out in [7, 8 ], any adjacency generator of a graph G = {V,E) is also a metric 
generator in a suitably chosen metric space. Given a positive integer t, we define the distance 
function dG,t -V x V ^ N U {0}, where 

y) = niin{dG(a::, 2/), 0- 

Then any metric generator for {V,dG,t) is a metric generator for (y,dG,t+i) and, as a consequence, 
the metric dimension of {V,dG,t+i) is less than or equal to the metric dimension oi {V,dG,t)- 
particular, the metric dimension of (V, dc.r) is equal to \V\ — 1, the metric dimension of {V,dG,2) 
is equal to adim(G) and, if G has diameter D(G), then dG,D(G) = ^g and so the metric dimension 
of (V, dG.D{G)) is equal to dim(G). Notice that when using the metric dG,t the concept of metric 
generator needs not be restricted to the case of connected graphs^. 

The concept of fc-metric generator introduced by Estrada-Moreno, Yero and Rodriguez-Velazquez 
[4, 6 ], is a natural extension of the concept of metric generator. A set S' C V is said to be a k-metric 
generator for G if and only if any pair of vertices of G is distinguished by at least k elements of S, 
z.e., for any pair of different vertices u,v gV, there exist at least k vertices wi,W 2 , ■■■,'Wk G S such 
that 

dG{u,Wi) ^ dGiv,Wi), for every i G {1,..., k}. 

A fc-metric generator of minimum cardinality in G is called a k-metric basis, and its cardinality the 
fc-metric dimension of G, denoted by dimfc(G). 



Figure 1: For k G {1, 2, 3,4}, dimfe(G) = fc -f 1. 

As an example we take a graph G obtained from the cycle graph G 5 and the path Pt, by 
identifying one of the vertices of the cycle, say ui, and one of the extremes of Pt, as we show in 
Figure 1. Let Si = {vi,V 2 }, S 2 = {vi,V 2 ,ut}, S3 = {vi,V2,V3,ut} and S4 = {vi,V2,V3,V4,ut}. For 
k G {1, 2, 3,4} the set Sk is fc-metric basis of G. 

^Adjacency generators were called adjacency resolving sets in [11] 

^For any pair of vertices x,y belonging to different connected components of G we can assume that dQ{x,y) = 
00 > 2 and so dQ^t{^,y) = t- 
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Note that every fc-metric generator S satisfies that IIS'! > k and, if fc > 1, then S is also a (A: —1)- 
metric generator. Moreover, 1-metric generators are the standard metric generators (resolving sets 
or locating sets as defined in [9] or [17], respectively). Some basic results on the fc-metric dimension 
of a graph have recently been obtained in [3, 4, 5, 6, 18]. In particular, it was shown in [18] that the 
problem of computing the fc-metric dimension of a graph is NP-hard. 

We say that a set S' C V{G) is a k-adjacency generator for G if for every two vertices x,y & 
V{G), there exist at least fc vertices wi,W2, ■■■,Wk £ S such that 

dG, 2 {x, Wi) ^ dG,2{y, Wi), for every i G {1,..., fc}. 

A minimum fc-adjacency generator is called a k-adjacency basis of G and its cardinality, the fc- 
adjacency dimension of G, is denoted by adimfc(G). For connected graphs, any fc-adjacency basis is 
a fc-metric basis. Hence, if there exists a fc-adjacency basis of a connected graph G, then 

dimfe(G) < adimfc(G). 

Moreover, if G has diameter at most two, then dimfc(G) = adimfc(G). 

For the graph G shown in Figure 2 we have dimi(G) = 8 < 9 = adimi(G), dim 2 (G) = 12 < 
14 = adim 2 (G) and dim 3 (G) = 20 = adim 3 (G). Note that the only 3-adjacency basis of G, and at 
the same time the only 3-metric basis, is V{G) — {0, 6,12,18}. 


1 2 3 4 5 7 8 9 10 11 13 14 15 16 17 19 20 21 22 23 



Figure 2: The set {2,4, 6,8,10,14,16, 20, 21} is an adjacency basis of G, while the set ■. I £ 

{0,..., 11}} U { 6 ,12} is a 2-adjacency basis and V{G) — {0,6,12,18} is a 3-adjacency basis. 

In this article we study the problem of finding the fc-adjacency dimension of a graph. The 
paper is organized as follows: in Section 2 we give some necessary and sufficient conditions for the 
existence of a fc-adjacency basis of an arbitrary graph G, i.e., we determine the range of fc where 
adimfe(G) makes sense. Section 3 is devoted to the study of the fc-adjacency dimension. We obtain 
general results on this invariants including tight bounds and closed formulae for some particular 
families of graphs. Finally, in Section 4 we obtain closed formulae for the fc-adjacency dimension of 
join graphs G -I- in terms of the fc-adjacency dimension of G and H . These results concern the 
fc-metric dimension, as join graphs have diameter two. 

As we can expect, the obtained results will become important tools for the study of the fc- 
metric dimension of lexicographic product graphs and corona product graphs. Moreover, we would 
point out that several results obtained in this article, like those in Remark 9 and subsequent, until 
Theorem 13, need not be restricted to the metric da,2, they can be expressed in a more general 
setting, for instance, by using the metric dG,t for any positive integer t. 

We will use the notation Km Kr,s, Gn, Nn and Pn for complete graphs, complete bipartite 
graphs, cycle graphs, empty graphs and path graphs, respectively. We use the notation u v ii u 
and V are adjacent and G = if G and H are isomorphic graphs. For a vertex u of a graph G, Ng{v) 
will denote the set of neighbours or open neighborhood of v in G, i.e., Ng{v) = {u G V{G) : u ^ u}. 
The closed neighborhood, denoted by Ng[x], equals Ng{x) U {x}. If there is no ambiguity, we will 
simply write N{x) or 7V[x]. We also define (5(z;) = |A^(u)| as the degree of vertex v, as well as, 
S{G) = min„gy(( 5 ){( 5 (ri)} and A(G) = max„gy(c){(5(r>)}. The subgraph induced by a set S of 
vertices will be denoted by {S), the diameter of a graph will be denoted by D{G) and the girth by 
g(G). For the remainder of the paper, definitions will be introduced whenever a concept is needed. 
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2 fc-adjacency dimensional graphs 

We say that a graph G is k-adjacency dimensional if k is the largest integer such that there exists a 
fc-adjacency basis of G. Notice that if G is a fc-adjacency dimensional graph, then for each positive 
integer r < k, there exists at least one r-adjacency basis of G. Given a connected graph G and two 
different vertices x,y gV (G), we denote by Cc{x, y) the set of vertices that distinguish the pair x, y 
with regard to the metric do,2, ke., 

Caix, y) = {zGV (G) : dcaix, z) ^ ^0.2(2/, z)}. 

Then a set S' C V{G) is a fc-adjacency generator for G if \Cc{x,y) n S| > fc for all x,y G V{G). 
Notice that two vertices x, y are twins if and only if Ca{x, y) = {x, y}. 

Since for every x,y G V{G) we have that \CG{x,y)\ > 2, it follows that the whole vertex set 
V{G) is a 2-adjacency generator for G and, as a consequence, we deduce that every graph G is 
/c-adjacency dimensional for some k > 2 . On the other hand, for any graph G of order n > 3, there 
exists at least one vertex v G V{G) such that |-/VG(n)| > 2 or \V{G) — Ng{v)\ > 2, so for any pair 
x,y G Ng{v) or x,y G V{G) — Ng{v), we deduce that v ^ Ccix.y) and, as a result, there is no 
n-adjacency dimensional graph of order n > 3 . 

We define the following parameter 

C(G) = rmo {\CG{x,y)\}. 

x,y&ViG) 

Theorem 1. A graph G is k-adjacency dimensional if and only if k = C(G). Moreover, C(G) can 
he computed in 0 (|y(G)p) time. 

Proof. First we shall prove the equivalence. (Necessity) If G is a fc-adjacency dimensional graph, 
then for any /c-adjacency basis B and any pair of vertices x,y G V{G), we have \B C\CG{x,y)\ > k. 
Thus, k < C(G). Now we suppose that k < C{G). In such a case, for every x',y' G V{G) such 
that \B nCG{x',y')\ = k, there exists Zx'y' G Cg{x', y') —B such that dG,2{zx’y',x') ^ dG,2{zx'y',y')- 
Hence, the set 

H U j {Zx'y'} 

\x>,y'eV{G)-. \BnCGix',y')\=k 

is a (fc -I- l)-adjacency generator for G, which is a contradiction. Therefore, k = C{G). 

(Sufficiency) Let a,b G V{G) such that min \CG{x,y)\ = \CG{a,b)\ = k. Since no set 

x,yGV(G) 

S C I^(G) satisfies [S' C\CG{a,b)\ > k and V{G) is a fc-adjacency generator for G, we conclude that 
G is a fc-adjacency dimensional graph. 

Now, we assume that the graph G is represented by its adjacency matrix A. We recall that A 
is a symmetric {n x n)-matrix given by 




1, if Mi ~ Uj, 
0 , otherwise. 


Now observe that for every z GV (G) — {a;, y} we have that z G Cg{x, y) if and only if A(a;, z) ^ 
A{y,z). Considering this, we can compute \CGix,y)\ in linear time for each pair x,y G V{G). 
Therefore, the overall running time for determining C(G) is dominated by the cubic time of computing 

the value of \CG{x,y)\ for pairs of vertices x,y of G. □ 

As Theorem 1 shows, given a graph G and a positive integer fc, the problem of deciding if G is 
fc-adjacency dimensional is easy to solve. Even so, we would point out some useful particular cases. 

Remark 2 . A graph G is 2-adjacency dimensional if and only if there are at least two vertices of 
G belonging to the same twin equivalence class. 
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Note that by the previous remark we deduce that graphs such as the complete graph Kn and 
the complete bipartite graph Kr^s are 2 -adjacency dimensional. 

If M, u G V (G) are adjacent vertices of degree two and they are not twin vertices, then 
\Cc{u,v)\ = 4. Thus, For any integer n > 5, G„ is 4-adjacency dimensional and we can state 
the following more general remark. 

Remark 3. Let G he a twins-free^ graph of minimum degree two. If G has two adjacent vertices of 
degree two, then G is A-adjacency dimensional. 

For any hypercube Qr, r > 2, we have |CQ^(u,r!)| = 2r if u v, \Cq.^{u,v)\ = 2r — 2 if 
dQriu, v) = 2 and |CQ,,(it, r;)| = 2r -|- 2 if dg,. {u, v) > 3. Hence, C{Qr) = 2 r — 2 . 

Remark 4. For any integer r >2 the hypercube Qr is (2r — 2)-adjacency dimensional. 

It is straightforward that for any graph G of girth g(G) > 5 and minimum degree 5{G) > 2, 
C(G) > 25{G). Hence, the following remark is immediate. 

Remark 5. Let G be a k-adjacency dimensional graph. If g{G) > 5 and d{G) > 2, then k > 25{G). 

If there is an end-vertex^ u in G whose support vertex v has degree two, then \Cg{u,v)\ = 
= 3- Hence, we deduce the following result. 

Remark 6 . Let G be a twins-free graph. If there exists an end-vertex whose support vertex has 
degree two, then G is 3-adjacency dimensional. 

The case of trees is summarized in the following remark. Before stating it, we need some 
additional terminology. Let T be a tree. A vertex of degree at least 3 is called a major vertex of 
T. A leaf u of T is said to be a terminal vertex of a major vertex of T if dT(u,v) < dT{u,w) for 
every other major vertex w of T. The terminal degree of a major vertex v is the number of terminal 
vertices of u. A major vertex of T is an exterior major vertex of T if it has positive terminal 
degree. 

Remark 7. Let T be a k-adjacency dimensional tree of order n > 3. Then k G {2,3} and k = 2 if 
and only if there are two leaves sharing a common support vertex. 

Proof. By Remark 2 we conclude that k = 2 if and only if there are two leaves sharing a common 
support vertex. Also, if T is a path different from P 3 , then by Remark 6 we have that k = 3. 

If T is not a path, then there exists at least one exterior major vertex u of terminal degree 
greater than one. Then, either u is the support vertex of all its terminal vertices, in which case 
Remark 2 leads to fc = 2, or m has at least one terminal vertex whose support vertex has degree 
two, in which case Remark 6 leads to fc = 3 if there are no leaves of T sharing a common support 
vertex. □ 

Since \CG{x,y)\ < 6{x)-\-6{y)-\-2, for all a:,?/ G V{G), the following remark immediately follows. 

Remark 8 . If G is a k-adjacency dimensional graph, then 

k< min {S(x)+ 6 {y)} + 2 . 
x,vGV{G) 

This bound is achieved, for instance, for any graph G constructed as follows. Take a cycle Cn 
whose vertex set is H(G„) = {ui,U 2 , ...,u„} and an empty graph 7V„ whose vertex set is V(Nn) = 
{vi,V 2 , ...jVn} and then, for i = 1 to n, connect by an edge Ui to Vi. In this case, G is 4-adjacency 
dimensional. Also, a trivial example is the case of graphs having two isolated vertices, which are 
2 -adjacency dimensional. 

As defined in [3], a connected graph G is k-metric dimensional if k is the largest integer such 
that there exists a fc-metric basis. Since any fc-adjacency generator is a fc-metric generator, the 
following result is straightforward. 

Remark 9. If a graph G is k-adjacency dimensional and k'-metric dimensional, then k < fc'. 
Moreover, if D{G) < 2, then fc' = fc. 

graph is twins-free if all its twin equivalence classes are singleton. 

“^An end-vertex of a graph G is a vertex of degree one and its support vertex is its neighbour. 
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3 fc-adjacency dimension. Basic results 

In this section we present some results that allow us to compute the A:-adjacency dimension of several 
families of graphs. We also give some tight bounds on the fc-adjacency dimension of a graph. 

Theorem 10 (Monotony). Let G be a k-adjaceney dimensional graph and let ki, k 2 be two integers. 
If ^ Li ki < k 2 < k, then adimfcj(G) < adimfc 2 (G). 

Proof. Let i? be a fc-adjacency basis of G. Let x £ B. Since \B r\CG{y,z)\ > k, for all y,z £ V{G), 
we have that B — {a;} is a (fc — l)-adjacency generator for G and, as a consequence, adimfe_i(G) < 
\B — {a:}| < \B\ = adimfe(G). By analogy we deduce that adimfc_ 2 (G) < adimfc_i(G) and, repeating 
this process until we get adim(G) < adim 2 (G), we obtain the result. □ 

Corollary 11. Let G he a k-adjacency dimensional graph of order n. 

(i) For any r £ {2,...,fc}, adimr(G) > adimr_i(G) -I-1. 

(ii) For any r £ {1,..., fc}, adimr(G) > adim(G) -|- (r — 1). 

(hi) For any r £ {1,..., fc — 1}, adimr(G) < n. 

For instance, for the Petersen graph we have adim6(G) = adim 5 (G) + 1 = adim 4 (G) + 2 = 
adim 3 (G) + 3 = 10 and adim 2 (G) = adimi(G) -|- 1 = 4. 

In order to continue presenting our results, we need to define a new parameter: 

Cfc(G)= U CG{x,y). 

\CGG,v)\ = k 

For any fc-adjacency basis A oi a fc-adjacency dimensional graph G, it holds that every pair of 
vertices x,y £ V{G) satisfies \AC\CG{x,y)\ > fc. Thus, for every x,y £ V{G) such that \CG{x,y)\ = k 
we have that CG{x,y) C A, and so Cfc(G) C A. The following result is a direct consequence of this. 

Remark 12. IfG is a k-adjacency dimensional graph and A is a k-adjacency basis, then Cfc(G) C A 
and, as a consequence, 

adimfe(G) > |Cfc(G)|. 

Theorem 13. Let G be a k-adjacency dimensional graph of order n > 2. Then adimi.(G) = n if 
and only if Ck{G) = P(G). 

Proof. Assume that Ck{G) = V{G). Since every fc-adjacency dimensional graph G satisfies that 
adimfe(G) < n, by Remark 12 we obtain that adimfc(G) = n. 

Suppose that there exists at least one vertex x such that x 0 Ck{G). In such a case, for any 
a,b £ V{G) such that x £ CG{a,b), we have that |CG(a, &)| > k. Hence, \CG{a,b) — {xH > fc, for 
all a,h £V (G) and, as a consequence, V (G) — {x} is a fc-adjacency generator for G, which leads to 
adimfe(G) < n. Therefore, if adimfe(G) = n, then Ck{G) = V{G). □ 

As we will show in Propositions 32 and 33, adim 3 (P„) = niorn £ {4,..., 8} and adim 4 (G„) = n 
for n > 5. These are examples of graphs satisfying conditions of Theorem 13. 

Corollary 14. Let G be a graph of order n > 2. Then adim 2 (G) = n if and only if every vertex of 
G belongs to a non-singleton twin equivalence class. 

Since CG{x,y) = C-Q{x,y) for all x,y £ V{G), we deduce the following result, which was 
previously observed for fc = 1 by Jannesari and Omoomi in [11]. 

Remark 15. For any nontrivial graph G and fc £ {1, 2,..., C(G)}, 

adimfc(G) = adimfc(G). 

Now we consider the limit case of the trivial bound adimfc(G) > fc. The case fc = 1 was studied 
in [11] where the authors showed that adimi(G) = 1 if and only if G € {P 2 , P 3 , P 2 , -P’s}- 
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Proposition 16. If G is a graph of order n>2, then adimfc(G) = k if and only if k € {1,2} and 
GG {P2,P3,P2,P3} 

Proof. The case k = 1 was studied in [11]. On the other hand, by performing some simple calcula¬ 
tions, it is straightforward to see that adim 2 (G) = 2 for G G {P 2 , ^ 3 , -f’ 2 , ^’ 3 }- 

Now, suppose that adimfc(G) = k for some k > 2. By Corollary 11 we have k = adim/c(G) > 
adimi(G) + k — 1 and, as a consequence, adimi(G) = 1. Hence, G G {P 2 , P 3 , P 2 , Ps}- Finally, since 
the graphs in {P 2 , P 3 , P 2 , P 3 } are 2 -adjacency dimensional, the proof is complete. □ 

According to the result above, it is interesting to study the graphs where adimfe(G) = fc -I- 1. 
To begin with, we state the following remark. 

Remark 17. If G is a graph of order n >7, then adimi(G) > 3. 

Proof. Suppose for purposes of contradiction, that adimi(G) < 2. By Proposition 16 we deduce that 
adimi(G) = 2. Let B = (u, uj be an adjacency basis of G. Then for any w £V (G) — B the distance 
vector {dG, 2 {u, w),dG, 2 {v, w)) must belong to {(1,1), (1, 2), (2,1), (2, 2)}. Since |F(G) — B\ > 5, by 
Dirichlet’s box principle at least two elements of V{G) — B have the same distance vector, which is 
a contradiction. Therefore, adimi(G) >3. □ 

By Corollary 11 (ii) and Remark 17 we obtain the following result. 

Theorem 18. For any graph G of order n > 7 and fc G (1,... ,C(G)}, 

adimfc(G) > k + 2. 

From Remark 17 and Theorem 18, we only need to consider graphs of order n G (3,4, 5, 6} to 
determine those satisfying adimfe(G) = k + 1. Ifn = 3, then by Proposition 16 we conclude that 
adimi(G) = 2 or adim 2 (G) = 3 if and only if G G {Ar 3 ,iV 3 }. For k G {1,2} and n G {4,5,6} the 
graphs satisfying adimfe(G) = fc -|- 1 can be determined by a simple calculation. Here we just show 
some of these graphs in Figure 3. Finally, the cases adim 3 (G) = 4 and adim 5 (G) = 5 are studied in 
the following two remarks. 




Figure 3 : Any graph belonging to the families Qb{Gi), Qb{G2) or {Ki U 1^3, G3}, where B = 
{z;i,U 2,'C3}, satisfies adim2(G) = 3 . The reader is referred to Section 3.1 for the construction of the 
families QB{Gi). 

The set of nontrivial distinctive vertices of a pair x,y € V(G), with regard to the metric do.2, 
will be denoted by CQ{x,y) = CG(x,y) — {x,y}. Notice that two vertices x,y are twins if and only 
if CQ{x,y) = 0. 

Remark 19. A graph G of order greater than or equal to four satisfies adim 3 (G) = 4, if and only if 

GG{P 4 ,G 5 }. 

Proof. If G G {P4,G5}, then it is straightforward to check that adim3(G) = 4 . Assume that 
B = {ui,... ,^4} is a 3 -adjacency basis of G. Since for any pair of vertices Vi,Vj G P, there exists 
vi € B Cl C*(vi,Vj), by inspection we can check that (P) = P4. We assume that Vi ~ Vi+i for 
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i € {1, 2, 3}. If V(G) — B = 0, then G = P 4 . Suppose that there exists v € V(G) — B. If u ~ V 2 , 
then the fact that \B nC*(u,ui)| > 2 leads to u ~ U 3 and v ^ U 4 . Since \B nC*(u,U 4 )| > 2 
and w ^ ^ 3 , it follows that v vi. Thus, v is connected to any vertices in B, which leads to 
\Br\C*{v, ^ 2)1 = |{u 4 }| = I, contradicting the fact that i? is a 3-adjacency basis of G. Analogously if 
u ^ U 3 , then we arrive at the same contradiction. Thus, u ^ or u U 4 . If u ui and u 7 ^ U 4 , then 
\Br\C*{v,V 2 )\ = |{u 3 }| = 1, contradicting the fact that i? is a 3-adjacency basis of G. Now, if u ui 
and V U 4 , then G = G5. If |I^(G)| > 6, then there exist u,v G V{G) — B. Since \B nC(M,u)| > 3, 
then either \B r\ N{u)\ > 2 or |i? fl N(u)| > 2. Suppose that \B fl N{u)\ > 2. As discussed earlier, 
B n N{u) = {vi,V 4 }. Since \B nC(M,u)| > 3, it follows that either u ~ U 2 or u ~ V 3 , which, as we 
saw earlier, contradicts the fact that B is a 3-adjacency basis of G. □ 

By Corollary 11 (i) and Remark 19 we deduce that adim 4 (G) > 6 for any graph G of order at 
least five such that G ^ G 5 . Since adim 4 (G 5 ) = 5, we obtain the following result. 

Remark 20 . A graph G of order n > 5 satisfies that adim 4 (G) = 5 if and only if G = C^. 

From Corollary 11 (i) and Remark 20, it follows that any 4-adjacency dimensional graph G of 
order six satisfies adim 4 (G) = 6 , as the case of Gq. 

3.1 Large families of graphs having a common A:-adjacency generator 

Given a A:-adjacency basis R of a graph G = {V,E), we say that a graph G' = {V,E') belongs to 
the family Qb{G) if and only if Nc>{x) = Ng{x), for every x € B. Figure 4 shows some graphs 
belonging to the family Qb(,G) having a common 2-adjacency basis B = {w2j'C3,U4,U5}. 





Figure 4 : R = {u 2 , U3, U4, U5} is a 2-adjacency basis of G and {G, Gi, G 2 , G 4 , G 5 } C Qb{G). 

Notice that A B (G), then the edge set of any graph G' S Qb{G) can be partitioned into two 
sets El, E 2 , where Ei consists of all edges of G having at least one vertex in B and E 2 is a subset of 





edges of a complete graph whose vertex set is V(G) — B. Hence, Gb{G) contains 2 
different graphs. 

With the above notation in mind we can state our next result. 


|V(G)-B|(|V(G)-B|-1) 

2 


Theorem 21. Any k-adjacency basis B of a graph G is a k-adjacency generator for any graph 
G' G Qb{G), and as a conseguence, 


adim/c(G") < adim/c(G). 

Proof. Assume that i? is a fc-adjacency basis of a graph G = {V,E). Let G' = {V,E') such that 
Nc'{x) = Nc{x), for every x £ B. We will show that H is a fc-adjacency generator for any graph G'. 
To this end, we take two different vertices u,v &V. Since H is a /c-adjacency basis of G, there exists 
Buv Q B such that \Buv\ > k and for every x G Buv we have that dc, 2 {x,u) ^ dc, 2 (x,v). Now, 
since for every x G Buv we have that Noi(x) = Nc{x), we obtain that dc', 2 (u,x) = dc, 2 iu,x) ^ 
dG, 2 {v,x) = dG', 2 {v,x). Hence, H is a fc-adjacency generator for G' and, in consequence, \B\ = 
adimfc(G) > adim/c(G'). □ 

By Proposition 16 we have that if G is a graph of order n > 2, then adimfe(G) = fc if and 
only if fc S {1,2} and G G {P 2 , Ps, ^^ 2 , P’s}- Thus, for any graph El of order greater than three, 
adimfe(P) > fc + 1. Therefore, the next corollary is a direct consequence of Theorem 21. 

Corollary 22. Let B be a k-adjacency basis of a graph G of order n > 4 and let G' G Qb{G). If 
adimfc(G) = fc + 1, then adimfe(G') = fc + 1 . 

Our next result immediately follows from Theorems 18 and 21. 

Theorem 23. Let B be a k-adjacency basis of a graph G of order n >7 and let G' G Qb(G). If 
adimfc(G) = fc + 2, then adimfc(G') = fc + 2. 

An example of application of the result above is shown in Figure 4, where adim 2 (G^) = 4 for 
all G' G Qb{G). In this case Qb{G) contains 2^° = 1024 different graphs. 

4 The /c-adjacency dimension of join graphs 

The join G + P of two vertex-disjoint graphs G = (Vi,Pi) and H = (V 2 ,£’ 2 ) is the graph with 
vertex set H(G -I- P) = Vi U V 2 and edge set 

E{G -\- H) = Pi U P 2 0 {uv : u GVi,v G V 2 } 

Note that D{G H) <2 and so for any pair of graphs G and P, 

dimfe(G -I- P) = adimfc(G -I- P). 

4.1 The particular case of Ki-\- H 

The following remark is a particular case of Corollary 14. 

Remark 24. Let H be a graph of order n. Then eLdmi 2 {Ki-\-H) = n-\-I if and only if A{H) = n — 1 
and every vertex v G V(H) of degree d{v) < n — 1 belongs to a non-singleton twin equivalence class. 

For any graph P, it x,y G H(P), then CKi-i-H{x,y) = CH{x,y). Also, if a; ^ ^iH) then 
CKi-\-H{x,y) = {a;} U (H(P) - Nniy)). Hence, 

C(Pi +H) = min{C(P), n - A(P) -h 1}. 

Proposition 25. Let H be a graph of order n > 2 and k G {1,... ,C{Ki -\- P)}. Then 

adimfc(Pi -I- P) > adimfe(P). 
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Proof. Let A be a ^-adjacency basis of Ki+H, Ah = Ar\V{H) and let x,y €V(H) be two different 
vertices. Since CKi+H{x,y) =C^f(x,y), it follows that \Ah r\CHix,y)\ = \AfiCKi+H{x,y)\ > k, and 
as a consequence, Ah is a fc-adjacency generator for H. Therefore, adinn,(iLi + H) = |A| > \Ah\ > 
adimfe(iJ). □ 

Theorem 26. For any nontrivial graph FI, the following assertions are equivalent: 

(i) There exists a k-adjacency basis A of FI such that \A — NH{y)\ > k, for all y G V{H). 

(ii) adimfe(/Li + FI) = adimfc(iL). 

Proof. Let A be a ^-adjacency basis of FI such that \A—NH{y)\ > k, for all y e V (FI). By Proposition 
25 we have that adimfe(iLi +F[) > adimfe(iJ). It remains to prove that adimfc(iLi + FI) < adimfc(iJ). 
We will prove that A is a fc-adjacency generator for Ki + H. We differentiate two cases for two 
vertices x,y G V{Ki + Ft). It x,y G V{F[), then the fact that A is a fc-adjacency basis of FI 
leads to fc < |A n CH{x,y)\ = |T n CKi+H(,x,y)\. On the other hand, if x is the vertex of Ki and 
y G V{H), then the fact that CKi+H{x,y) = {a:} U {V{F[) — Nniy)) and \A — Nniy)] > k leads to 
\A n CKi+H{x,y)\ > k. Therefore, A is a fc-adjacency generator for Ki + H, and as a consequence, 
adimfe(iJ) = |A| > adimfc(iLi + iJ). 

On the other hand, let i? be a /c-adjacency basis of Ki + H such that \B\ = adimfc(iJ) and let 

Bh = BriV{F[). Since for any hi, h 2 G V{F[) the vertex of Ki does not belong to ^ 2 ), we 

conclude that Bh is a fc-adjacency generator for FI. Thus, \Bh\ — adimfc(iL) and, as a consequence, 
Bh is a fc-adjacency basis of H. If there exists h G V{H) such that \Bh — Nnih)] < k, then 
\B n Cki+h{v, h)\ = \Bh — Nn^h)] < k, which is a contradiction. Therefore, the result follows. □ 

Our next result on graphs of diameter grater than or equal to six, is a direct consequence of 
Theorem 26. 

Corollary 27. For any graph FI of diameter D{H) > 6 and k G {1,..., C(iLi + Ff)}, 

adimfe(iLi + iL) = adimfe(7J). 

Proof. Let S' be a fc-adjacency basis of H. We will show that |S — Nh{x)\ > k, for all x G V{H). 
Suppose, for the purpose of contradiction, that there exists x G V{H) such that |S 0 {V{H) — 

NHix))\ < k. Let F{x) = S Cl Nh[x]. Notice that |S| > k and hence F{x) yf 0. 

From the assumptions above, if V{H) = F{x) U {x}, then D{H) < 2, which is a contradiction. 
If for every y G V{H) — {F{x) U {x}) there exists z € F{x) such that dniy, z) = 1, then dH{v,v') < 4 
for all v,v’ G V{H) — {F(x) U {x}). Hence F){H) < 4, which is a contradiction. So, we assume that 
there exists a vertex y' G V(H) — {F{x) U {x}) such that dniy' ,z) > 1, for every z G F{x), i.e, 
Nh{v') n F{x) =0. If F {H) = F{x) U {x, y'}, then by the connectivity of H we have y' ^ x and, as 
consequence, D{H) = 2, which is also a contradiction. Hence, V(H) — (F(x) U {x, y'}) ^ 0. Now, for 
any w G V{H) — {F{x)Li{x, y'})we have that ri;)nS'| > k and, since \Sri{V{H) — Nnix)) \ < k 

and Nniy') H F{x) = 0, we deduce that Nh{w) fl F{x) ^ 0. From this fact and the connectivity 
of H, we obtain that dniy' ,w) < 5. Hence D{H) < 5, which is also a contradiction. Therefore, if 
D{H) > 6 , then for every x G V{H) we have that IS” fl (V{H) — Nh{x)) \ > k. Therefore, the result 
follows by Theorem 26. □ 

Corollary 28. Let H be a graph of girth g{F[) > 5 and minimum degree S{H) > 3. Then for any 
kG{l,...,C{Ki+H)}, 

adimfc(iFi + H) = adimfe(iL). 

Proof. Let H be a fc-adjacency basis of H and let x G V{F[) and y G Nh{x). Since g(iL) > 5, for 
any u,v G Nniy) — {a;} we have that Ch(u, x) niVjy[x] = 0. Also, since \Ch(u, x) fl A| > k, we obtain 
that \A — Nh{x)\ > k. Therefore, by Theorem 26 we conclude the proof. □ 

A fan graph is defined as the join graph Ki + Pn, where is a path of order n, and a wheel 
graph is defined as the join graph Ki + C„, where C„ is a cycle graph of order n. The following 
closed formulae for the fc-metric dimension of fan and wheel graphs were obtained in [4, 10]. Since 
these graphs have diameter two, we express the result in terms of the A:-adjacency dimension. 
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Proposition 29. [10] 


(i) &dimi{Ki + Pn) = 


1 , if n = 1 , 

2, */n = 2,3,4,5, 

3, ifn = 6, 

^ otherwise. 


(ii) adimi(Xi + C„) - I ^ ttherJise’ 

Proposition 30. [11] For any integer n > 4, 

adiini(Pji) = adimi(C„) = 


2n + 2 


Notice that by Propositions 29 and 30, for any n > 4, n 7 ^ 6 , we have that 


adimi(P„) = adimi(iiri + P„) = adimi(C'n) = adimi(Pri + C^). 


In order to show the relationship between the A:-adjacency dimension of fan (wheel) graphs and 
path (cycle) graphs, we state the following known results. 


Proposition 31. [4] 

(i) adim 2 (Xi+Pn) 

(ii) adim 2 (Pri + Cn) 
(hi) adim 3 (P:i + P„) 

(iv) adim 3 (P'i + Cn) 

(v) adim 4 (P'i + Cji) 


3, 

ij 


= 2, 


4, 

ij 

- n 

= 3,4, 

,5, 


> 6. 


4 , 

if n 

= 

3,4,5, 

6, 

rti 

, if n 

> 

7. 


5 , 



if n = 

4,i 

n — 

l^J. 


if n> 

6. 

5 , 


if 

n = 5, 

6, 

n — 

LfJ. 

if 

n > 7. 


6, 

if n = 

5, 

6, 


n, 

if n> 

7. 




By Theorem 1 we have that any path graph of order at least four is 3-adjacency dimensional 
and any cycle graph of order at least five is 4-adjacency dimensional. From Propositions 25 and 31 
we will derive closed formulae for the fc-adjacency dimension of paths (for k S {2, 3}) and cycles (for 
fee {2,3,4}). 


Proposition 32. For any integer n > 4, 


adim2(Pn) 


n -I- 1 
2 


and adim 3 (P„) = n — 



Proof. Let k G {2,3} and V(Pn) = {vi,V 2 , ...jVn}, where Vi is adjacent to Vi+i for every i G 
{l,...,n- 1 }. 

We first consider the case n > 7. Since Cp^{vi,V 2 ) = {vi,V 2 ,V 3 } and Cp^(z;„_i,w„) = 
{vn- 2 , Vn-i,Vn}, we deduce that for any fc-adjacency basis A of P„ and any y GV (P), \A—Np^ (j/)| > 
fc. Hence, Theorem 26 leads to adimfc(Pri -|- Pn) = adimfc(P„). Therefore, by Proposition 31 we 
deduce the result for n> 7. 

Now, for n = 6 , since Cpg(vi,V 2 ) = {'Ci,r’ 2 ,"Cs} and Cpg{v 5 ,ve) = {v 4 ^,V 5 ,vg}, we deduce that 
adim 2 (P 6 ) > 4 and adim 3 (P 6 ) = 6. In addition, {ui, U 3 , 114 , we} is a 2-adjacency generator for Pg and 
so adim 2 (P 6 ) = 4. 
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From now on, let n G {4,5}. By Proposition 25 we have dimfc(i4ri + P„) > adimfe(P„). It 
remains to prove that adimfc(iFi + P„) < adimfc(P„). 

If n = 4 or n = 5, then by Proposition 16, adim 2 (Pri) > 3. Note that jr’i,f 2 , W 4 } and {r^i, W 3 ,ns} 
are 2-adjacency generators for P 4 and P 5 , respectively. Thus, adim 2 (P 4 ) = adim 2 (P 5 ) = 3. Let A 
be a 3-adjacency basis of Pn, where n € {4,5}. Since Cp^(vi,V 2 ) = {ni,n 2 ,n 3 } and Cp„(n„_i,n„) = 
{vn- 2 ,Vn-i,Vn}, we have that {Ar\Cp^{vi,V 2 )) U {AnCp^{vn-i,Vn)) = V{Pn), and as consequence, 
A = V{Pn)- Therefore, adim 3 (P 4 ) = 4 and adim 3 (P 5 ) = 5 and, as a consequence, the result 
follows. □ 


Proposition 33. For any integer n > 5, 


adim2(C'„) 


"n" 

2 


adim 3 (C'„) = n — 


n 

-5- 


and adim 4 (C„) = n. 


Proof. Let k G { 2 , 3 , 4 } and V{Cn) = {vi,V2, ...,n„}, where Vi is adjacent to Vi+i and the subscripts 
are taken modulo n. 

We first consider the case n >7. Since Cc„ (ni+3, ni+4) = {ni+2j Vi+3,Vi+4, n^+s}, we deduce that 
for any fc-adjacency basis A of Cn, \A — Nc^{vi)\ > k. Hence, Theorem 26 leads to adimk{Ki+Cn) = 
adimfe(C'„). Therefore, by Proposition 31 we deduce the result for n>7. 

From now on, let n G { 5 , 6}. By Proposition 25 we have dimfe(iFi -t-G) > adimfc(G). It remains 
to prove that adimfe(Pri + Id) < adimfe(iJ). 

By Theorem 10 , we deduce that 2 = adimi(G5) < adim2(G5) < adim3(G5) < adim4(G5) < 5 . 
Hence, adim2(G5) = 3 , adim3(G5) = 4 and adim4(G5) = 5 . Therefore, for n = 5 the result follows. 

By Theorem 10 , adim2(G6) > adimi(G 6 ) = 2 and, since {vi,V3,V5} is a 2 -adjacency generator 
for Ge, we obtain that adim2(G6) = 3 . Now, let A4 be a 4 -adjacency basis of Ge. If \A4\ < 5 , 
then there exists at least one vertex which does not belong to A4, say ui. Then, |Cc„(^^i,W2) H 
H4I < 3 , which is a contradiction. Thus, adim4(G6) = \A4\ = 6. Let A^ = {ui,z;2,U3,^4}, Hg = 
{vi,V2,V3,V5} and Hg = {vi,V2,V4,V5}. Note that any manner of selecting four different vertices 
from Ge is equivalent to some of these Since |Cc„(^'5,^'6) H = |{wi,U4}| = 2 < 3 , 

|Cc„(w 4 ,'C 6 ) nH§| = |{ui,U3}| = 2 < 3 and |Cc„(wi,'C2) H = |{wi,U2}| = 2 < 3 , we deduce that 
adim3(G6) > 5 > IHgj = jHgl = |Hj{| = 4 . By Theorem 10 , 5 < adim 3 (G 6 ) < adim 4 (G 6 ) < 6 . Thus, 
adim3(G6) = 5 and, as a consequence, the result follows. □ 


By Propositions 29, 30, 31, 32 and 33 we observe that for any k G {1,2,3} and n > 7, 
adimfc(iFi -|- P„) = adimfc(P„) and for any k G {1, 2, 3,4}, adimfc(Pri -|- G„) = adimfc(G„). The next 
result is devoted to characterize the trees where adimfe(iFi +T) = adimfc(r). 

Proposition 34. Let T be a tree. The following statements hold. 

(a) adimi(iFi -I- T) = adimi(T) if and only if T ^ Pi = {P 2 , P 3 , Pg, P'}, where n > 3 and T' 
is obtained from P 5 U {Ki} by joining by an edge the vertex of Ki to the central vertex of P 5 . 

(b) adim 2 (iFi + T) = adim 2 (T) if and only if T ^ P 2 = {Pr, Ki^n,T'}, where r G {2,..., 5}, n > 3 
and T' is a graph obtained from Ki^n U K 2 by joining by an edge one leaf of Ki^n to one leaf of 
K 2 . 


(c) adim 3 (iFi -\-T) = adim 3 (r) if and only if T ^ P 3 = {P 4 ,P 5 }. 

Proof. For any fc € {1, 2, 3} and T G TFk, a simple inspection shows that adimfe(Pri +T) adimfe(r). 
From now on, assume that T ^ Pfe, for k G {1, 2, 3}, and let Ext(T) be the number of exterior major 
vertices of T. We differentiate the following three cases. 


Case 1. T = Pn- The result is a direct consequence of combining Propositions 29 and 30 for A: = 1 
and Propositions 31 and 32 for A; > 1. 

In the following cases we shall show that there exists a A;-adjacency basis H of T such that \A — 
Nt{v)\ > k, for all v G V{T). Therefore, the result follows by Theorem 26. 
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Case 2. Ext(r) = 1. Let u be the only exterior major vertex of T. 

We first take k = 1. Since any two vertices adjacent to u must be distinguished by at least 
one vertex, we have that all paths from u to its terminal vertices, except at most one, contain at 
least one vertex in A. Thus, \A — NT{y)\ > 1, for all y € V{T) — {u}. Now we shall show that 
|yl _ Nt{u)\ >1. li u G A or A ^ Nt{u), then we are done, so we suppose that for any adjacency 
basis A of T, u ^ A and A C Nt{u). If there exists a leaf v such that dT{u,v) > 4, then the support 
v' of V satishes Ct{v,v') fl A = 0, which is a contradiction. Hence, the eccentricity of u satisfies 
2 < e{u) <3. If w is a leaf of T such that driu, w) = e{u), then the vertex u' G Nt{u) belonging to 
the path from u to w must belong to A and, as a consequence A' = {A — {u'}) U {w} is an adjacency 
basis of T, which is a contradiction. 

We now take k = 2. Let H be a 2-adjacency basis of T. Since any two vertices adjacent to u 
must be distinguished by at least two vertices in A, either all paths joining u to its terminal vertices 
contain at least one vertex of A or all but one contain at least two vertices of A. Thus, any vertex 
y GV (T) — {m} and any 2-adjacency basis A of T satisfy that \A — Nriy)] > 2. 

If there exist two vertices v,v' € V{T) such that dT{u,v) > 3 and driu^v') > 3, then \A — 
Nt(u)| > 2, as \A r\ C 2 {v,v')\ > 2. On the other hand, if there exists only one leaf v such that 
driujv) > 3 and another leaf w such that dT{u,w) = 2, we have that in order to distinguish v 
and it support as well as w and its support, \A 0 > 1 and \A 0 {u, w}| > 1 and, as a result, 

\A — Nt{u)\ > 2. Now, since T ^ -F 2 it remains to consider the case where u has eccentricity 
two. Let v,w be two leaves such that dT{u,v) = dT{u,w) = 2. If |fVT(u)| = 3, then the set A 
composed by u and its three terminal vertices is a 2-adjacency basis of T such that \A — Nt{u) | > 2. 
Assume that |Nj’(u)| > 4. In order to distinguish v and its support vertex v', as well as w and its 
support vertex w', any 2-adjacency basis A of T must contain at least two vertices of {u,v,v'} and 
at least two vertices of {u ,If u ^ A, then v,w G A, and as a consequence, \A — Nx{u)\ > 2. 
Assume that u G A. In this case, if A — Nt[u\ ^ 0, then |A — Nt{u)\ > 2. Otherwise, A C Nt[u\ 
and {u,v\w'} C A and, as a consequence, A' = (A — {u'}) U {u} is a 2-adjacency basis of T and 
|A' -iVT(u)| > 2. 

Finally, suppose that there exists exactly one leaf v such that dxiujv) = 2. Let v' be the support 
vertex of v. In this case, V{T) — {u'} is a 2-adjacency basis A of T such that |A — Nt{u)\ > 2. 

We now take k = 3. In this case, there exist two leaves v, w such that driu, v) > 2 and driu, w) > 2. 
Since v and its support vertex v' must be distinguished by at least three vertices, they must belong 
to any 3-adjacency basis. Analogously, w and its support vertex w' must belong to any 3-adjacency 
basis. In general, any leaf that is not adjacent to u and its support vertex belong to any 3-adjacency 
basis of T. Moreover, there exists at most one terminal vertex x adjacent to u. If x exists, it must 
be distinguished from any vertex belonging to Nt{u) — {a;} by at least three vertices. Thus, they 
must belong to any 3-adjacency basis. Any vertex y different from u and any 3-adjacency basis A 
of T satisfy v,v' G A — Nxiy) or w,w' G A — Nxiy)- If v,v' G A — Nxiy) and w,w' G A — Nxiy), 
then |A — Nxiy)] > 3. Otherwise, assuming without loss of generality that v,v' G A — Nxiy), there 
exists a terminal vertex 2 different from w such that y z. Thus, again |A — Nxiy)] > 3. If 
driu, v) = 2, then v, v' are distinguished only by u, v, v', so u must belong to any 3-adjacency basis 
of T. Thus, for any 3-adjacency basis A of T we have that u,v,w G A — Nt(u), and as a consequence, 
|A — Nxiu)] > 3. Finally, if dT{u,v) > 2 and dTiu,w) > 2, then v,v',w,w' G A — Nt{u). Hence 
\A-Nt{u)\ > 3. 

Case 3. Ext(r) > 2. In this case, there are at least two exterior major vertices u,v of T having 
terminal degree at least two. Let ui,U 2 be two terminal vertices of u and vi,V 2 be two terminal 
vertices of v. Let u[ and be the vertices adjacent to u in the paths u — ui and u — U 2 , respectively. 
Likewise, let uj and V 2 be the vertices adjacent to v in the paths v — vi and v — V 2 , respectively. 
Notice that it is possible that ui = u[, U 2 = u' 2 , vi = uj or V 2 = U 2 - Note also that C{u[,U 2 ) = 
{NT[u'i]LiNT[u 2 ]) — {u} a,ndC{v[,V 2 ) = (NT[ui]UA^Tb 2 ])“{^^}- Since for any fc-adjacency basis A of 
T it holds that \C{u[,U 2 )r]A\ > k and |C(uj,U 2 )nA| > fc, and for any vertex w G V(T) we have that 
{A —NT{'w))r\C{u[,U 2 ) = 0 or (A — A^t(w)) nC(uJ, U 2 ) = 0, we conclude that |A —Nt(w)| > k. □ 

From now on, we are going to study some cases where adimfc(Ari -|- H) > adimfc(iL). First of 
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all, notice that by Corollary 27, if i7 is a connected graph and adimfc(ifi + H) > adimfe(i7) +1, then 
D{H) < 5 and, by Corollary 28, if H has minimum degree S{H) > 3, then it has girth g{H) < 4. 
We would point out the following consequence of Theorem 26. 

Corollary 35. If adimfe(itri + H) > adimfe(i7) + 1, then either H is connected or H has exactly 
two connected components, one of which is an isolated vertex. 

Proof. Let A be a fc-adjacency basis of H. We differentiate three cases for H. 

Case 1. There are two connected components Hi and H 2 of H such that \V{Hi)\ > 2 and 
\ViH 2 )\ > 2. As for any i € {1,2} and u,v £ V{Hi), \Ch{u,v) fl A| = \CHiiu,v) fl A| > k we 
deduce that \A n V{Hi)\ > k and \A n V{H 2 )\ > k. Hence, if a; G V{Hi), then \A — 7V//(a:)| > 
\AnV{H 2 )\ > k and if cc G V{H) — V{Hi), then \A — NHix)\ > \AnV{Hi)\ > k. Thus, by Theorem 
26, adimfe(Ari + H) = adimfc(iJ). 

Case 2. There is a connected component Hi of H such that \V{Hi)\ > 2 and there are two 
isolated vertices u,v gV {H). From Ch{u, v) = {u, v} we conclude that k < 2 and |{u, u} fl A| > k. 
Moreover, for any x,y £ V{Hi), x ^ y, we have that \CH(x,y) C A| = \Chi{u,v) fl A| > fc and so 
\Ar\V {Hi)\ > k. Hence, if a: G V{Hi), then |A —7V//(x)| > |{u, 'u}nA| > k and if x G V{H) — V{Hi), 
then \A — (x)| > |A fl V{Hi)\ > k. Thus, by Theorem 26, adimfc(Ari + H) = adimfc(iJ). 

Case 3. H = Nn, for n> 2. In this case k G (1, 2}, adimi(Ari + A„) = adimi(A„) = n — 1 and 
adim 2 (iFi + A„) = adim 2 (A„) = n. 

Therefore, according to the three cases above, the result follows. □ 

By Proposition 25 and Theorem 26, adimfc(Ari + H) > adimfc(i7) + 1 if and only if for any 
^-adjacency basis A of H, there exists h G V{H) such that \A — A//(/i)| < k. Consider, for 
instance, the graph G showed in Figure 4. The only 2-adjacency basis of G is H = (xa, ^^ 3 , ^ 4 , U 5 } 
and \B — Ag(wi)| = 0, so adim 2 (iFi -f G) > adim 2 (G) -1-1 = 5. It is easy to check that A = 
{xi, X 6 , vr, Vs, ug} is a 2-adjacency generator for Ki -|- G, and so adim 2 (Ari -|- G) = adim 2 (G) -1-1 = 5. 
We emphasize that neither B U {uij nor B U {x} are 2-adjacency bases of (x) -I- G. 

Proposition 36. Let H be a graph of order n >2 and let k £ {1, ...,C(ICi + H)}. If for any k- 
adjacency basis A of H, there exists h £ V{H) such that \A—NH{h)\ = k—1 and \A—NH{h')\ > k—1, 
for all h' G V{H), then 

adimfe(Ari + H) = adimfc(i7) -|- 1. 

Proof. If for any /c-adjacency basis A of H, there exists h £ V{H) such that \A — NH(h)\ = k — 1, 
then by Theorem 26, adim/c(Ari -|- H) > adimfe(iJ) + 1. 

Now, let A be a fc-adjacency basis of H and let v be the vertex of Ki. Since \A—NH{h')\ > k — 1, 
for all h' £ V{H), the set A U {u}, is a fc-adjacency generator for Ki + H and, as a consequence, 
adimfe(Ari + i7) < |A U {u}| = adimfe(iJ) - 1 - 1. □ 


8 3 2 7 



Figure 5: The set B = (1, 2, 3,4, 5, 8,9} is a 3-adjacency basis of this graph. 

The graph H shown in Figure 5 has six 3-adjacency basis. For instance, one of them \a B = 
(1, 2, 3,4, 5, 8,9} and the remaining ones can be found by symmetry. Notice that for any 3-adjacency 
basis,say A, there are two vertices such that |A—Aij(i)| = 2, \A—NH{j)\ = 2 and] A—Nh{1)\ >3, 
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for all I ^ i,j. In particular, for the basis B we have i = 3 and j = 4. Therefore, Proposition 36 
leads to adim 3 (itri H) = adim 3 (i?) + 1 = 8. 

By Theorem 26 and Proposition 36 we deduce the following result previously obtained in [11]. 

Proposition 37. [11] Let H be graph of order n > 2. If for any adjacency basis A of H, there 
exists h € V{H) — A such that A C Nnih), then 

adimi(i4ri + H) = adimi(i7) + 1, 


otherwise, 

a,dduYi{Ki -\- H) = adimi(i7). 

Theorem 38. For any nontrivial graph H, 

adim2(itri + H) < adim2(i7) + 2. 

Proof. Let A be a 2-adjacency basis of H and let u be the vertex of Ki. Notice that there exists 
at most one vertex x € V{H) such that A C Nh{x). Now, if \A — Nniy)] > 1 for all v € V(H), 
then we define X = AU {rt} and, if there exists x G V{H) such that A C Nh{x), then we define 
X = AU {x, u}. We claim that X is a 2-adjacency generator for Ki + H. To show this, we first note 
that for any y G V{H) we have that (m, y) fl X| = 1((A — Nniy)) U {u}) fl X| > 2. Moreover, 

for any a,b G V{H) we have that CKi+Hia,b) = CH{a,b). Therefore, X is a 2-adjacency generator 
for Ki + H and, as a consequence, adim 2 (Xi + H) < adim 2 (iL) + 2. □ 

We would point out that if for any 2-adjacency basis A of a graph H, there exists a vertex 
X such that A C Nh{x), then not necessarily adim 2 (Xi + H) = adim 2 (iL) + 2. To see this, 
consider the graph G shown Figure 4, where {v 2 ,V 3 ,V 4 ,V 5 } is the only 2-adjacency basis of G and 
{v 2 ,V 3 ,V 4 ,,V 5 } C Nh{vi). Howevcr, {vi,ve,V 7 ,vs,vg} is a 2-adjacency basis of Ki + G and so 
adim 2 (Xi + H) = adim(i7) + 1. Now, we prove some results showing that the inequality given in 
Theorem 38 is tight. 

Theorem 39. Let H be a nontrivial graph. If there exists a vertex x of degree 5{x) = \V{H) \ — 1 
not belonging to any 2-adjacency basis of H, then 

adim2(Xi + iL) = adim2(iL) + 2. 

Proof. Let u be the vertex of Ki and let x G V{II) be a vertex of degree 6{x) = \V{II)\ — 1 
not belonging to any 2-adjacency basis of H. In such a case, Cki+h(x,u) = {a:, u} and, as a 
result, both x and u must belong to any 2-adjacency basis X of Xi + H. Since X — {m} is a 2- 
adjacency generator for H and x G X — {u} we conclude that jX — {u}] > adim 2 (iL) + 1 and so 
adim 2 (Xi + H) = jX| > adim 2 (iL) + 2. By Theorem 38 we conclude the proof. □ 

Examples of graphs satisfying the premises of Theorem 39 are the fan graphs Fi „ = Ki + 
and the wheel graphs lFi,„ = Ki Gn for n > 7. For these graphs we have adim 2 (iFi + = 

adim 2 (Fi_„) + 2 and adim 2 (Xi + W\^n) = adim 2 (lTi,„) + 2. 

Theorem 40. Let H be a graph having an isolated vertex v and a vertex u of degree S{x) = 
\V{II)\ — 2. If for any 2-adjacency basis B of H, neither u nor v belongs to B, then 

adim2(Xi + H) = adim2(iL) + 2. 

Proof. Let u be the vertex of Ki. Since Cki+h{x,u) = {x,u,v}, at least two vertices of {a;,u,r!} 
must belong to any 2-adjacency basis X of Ki + H. Then we have that x G X — {u} or u S 
X — {it}. Since X — {it} is a 2-adjacency generator for H, we conclude that if jX fl {x, n}j = 1, then 
adim 2 (Xi + iJ) > |X — {ii}j > adim 2 (iL) + 1, whereas if |X fl {a^ju}! = 2, then adim 2 (Xi + iL) > 
1-^ — {m}] > adim 2 (iL) + 2. Hence, adim 2 (Xi + iJ) = jX| > adim 2 (iL) + 2. By Theorem 38 we 
conclude the proof. □ 
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For instance, we take a family of graphs G = {Gi, G 2 , •■•} such that for any Gi € G, every vertex 
in V(Gi) belongs to a non-singleton true twin equivalence class. Then X = UcieS ^ 

2-adjacency basis of H = Ki U (Ki + Ucise Therefore, adim 2 (iFi + R) = adim 2 (iF) -|- 2. 

Proposition 41. Let H he graph and k G . ,C{Ki + H)}. If there exists a vertex x G y{H) 
and a k-adjacency basis A of H such that A C Nh{x), then 

adimfe(Xi + H) < adim/c(i7) -|- k. 

Proof. Let u be the vertex of Ki and assume that there exists a vertex vi G V{H) and a k- 
adjacency basis A of H such that A C Nnivi). Since k < \V{H)\ — A(H) + 1, we have that 
\V{H) — Nnivi)] > k — 1. With this fact in mind, we shall show that X = AL) {u} U A' is a k- 
adjacency generator for Ki + H, where A’ = % if k = 1 and A' = {vi,V 2 , ■■■, Vk-i} C V(H) — Nh(vi) if 
k>2. To this end we only need to check that \CKi+Hiu,v)r]X\ > A:, for all u G V(H). On one hand, 
\Cki+h(u, ui)nX| = |{u}UA'| = k. On the other hand, since A C Nnivi), for any v G V(H) — {vi} 
we have that \A — Nh{v)\ > k and, as a consequence, \Cki+h{u,v) O X| > k. Therefore, X is a 
A:-adjacency generator for Ki + H and, as a result, adimfc(iFi + H) < |X| = adimfe(iL) + k. □ 



Figure 6: The set A = {2, 3, 5, 6, 7, 9} is the only 3-adjacency basis of H and A C Nh(1). 

The bound above is tight. It is achieved, for instance, for the graph shown in Figure 6. In 
this case adim 3 (iFi + H) = adim3(7J) -|- 3 = 9. The set {2,3, 5,6, 7,9} is the only 3-adjacency basis 
of H, whereas (u) + H has four 3-adjacency bases, i.e., {1,2, 3,4, 5, 6, 7, 8, u}, {1, 2, 3,4, 5, 6, 7, 9, u} 
{1,2,3,4,5, 7, 8 , 9, u} and {1,2,3,4,6,7, 8 , 9, u}. 

Conjecture 42. Let H be graph of order n > 2 and k G {1,... ,C(Ki + 77)}. Then 

adimfe(7Fi -|- 77) < adimfe(77) -|- k. 

We have shown that Conjecture 42 is true for any graph 77 and k G {1,2}, and for any 
77 and k satisfying the premises of Proposition 41. Moreover, in order to assess the potential 
validity of Conjecture 42, we explored the entire set of graphs of order n < 11 and minimum 
degree two by means of an exhaustive search algorithm. This search yielded no graph 77 such that 
adimfe(7Fi -f 77) > adimfc(77) + k, k G {3,4}, a fact that empirically supports our conjecture. 

4.2 The fc-adjacency dimension of G -|- for G Ki and H Ki 

Two different vertices u, u of G -I- 77 belong to the same twin equivalence class if and only if at least 
one of the following three statements hold. 

(a) u,v GV (G) and u, v belong to the same twin equivalence class of G. 

(b) u,v G 14(77) and u,v belong to the same twin equivalence class of 77. 

(c) u G V(G), V G V(H), TVgM = 14(G) and = V(H). 

The following two remarks are direct consequence of Corollary 14. 
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Remark 43. Let G and H be two graphs of order ni > 2 and n 2 > 2, respectively. Then adim 2 (G + 
H) = ni + 712 if and only if one of the two following statements hold. 

(a) Every vertex of G belongs to a non-singleton twin equivalence class of G and every vertex of H 
belongs to a non-singleton twin equivalence class of H. 

(b) A(G) = 771 — 1, A(iJ) = 772 — 1, every vertex u G V{G) of degree S{u) < ni — 1 belongs to a 
non-singleton twin equivalence class of G and every vertex v G y(H) of degree 6(v) < 772 — 1 
belongs to a non-singleton twin equivalence class of H. 

Let G and H be two graphs of order 77i > 2 and 772 > 2, respectively, li x,y G V{G), then 
Ca+H{x,y) = CG{x,y). Analogously, it x,y £ V{H), then CG+H{x,y) = Cnix^y). Also, if a; G t^(G) 
and y G V{H), then CG+H{x,y) = (V^(G) - Ng{x)) U {V{H) - Nniy))- Therefore, 

C(G + H) = min{C(G),C(iL), 77i - A(G) + 772 - A(iL)}. 

Theorem 44. Let G and H be two nontrivial graphs. Then the following assertions hold: 

(i) For any k G {1,..., C(G + H)}, 

adimfc(G -\- H) > adini/c(G) + adinifc(iL). 

(ii) For any k G {1,..., min{C(iL), C{Ki + G)}} 

adiinfc(G -\- H) < adinifc(Ari + G) + adiinfc(iJ). 

Proof. First we proceed to deduce the lower bound. Let A be a /c-adjacency basis of G + iJ, 
Ag = An V{G), Ah = An V{H) and let x,y € V{G) be two different vertices. Notice that 
Ag ^ 0 and Ah 7 ^ 0, as 771 > 2 and 772 > 2. Now, since CG+H{x,y) = CG{x,y), it follows that 
\Ag n CGix,y)\ = \An CG+H(x,y)\ > k, and as a consequence, Ag is a /c-adjacency generator for 
G. By analogy we deduce that Ah is a fc-adjacency generator for H. Therefore, adimfcfG + iL) = 
|A| = |Ag| + \Ah\ > adimfc(G) + adimfc(iL). 

To obtain the upper bound, first we suppose that there exists a fc-adjacency basis U of ATi + G 
such that the vertex of Ki does not belong to U. We claim that for any fc-adjacency basis B of 
H the set X = U B is a fc-adjacency generator for G -\- H. To see this we take two different 
vertices a,b G t^(G + H). If a, 6 G V{G), then \CG+Hio,b) fl A| = ICKi+Gi^jb) n U\ > k. If 
a,b € V{H), then \CG+Hia,b) n A| = \CH{a,b) n B\ > k. Now, assume that a G I^(G) and 
b G V{H). Since U is a fc-adjacency generator for {b) + G, we have that |C(f,)_|_G(a, 6) nU\ > k. 
Hence, \CG-\-H{a,b)nX\ = &) H[/| > k. Therefore, A is a fc-adjacency generator for G + iL 

and, as a consequence, adimfc(G + iL) < |A| = \U\ + \B\ = adimfc(Ari + G) + adimfe(iL). 

Suppose from now on that the vertex u of Ki belongs to any /c-adjacency basis U of ATi + G. 
We differentiate two cases: 

Case 1. For any fc-adjacency basis B of H, there exists a vertex x such that B C Nh{x). 
We claim that X = U' U {B U {x}) is a fc-adjacency generator for G -\- H, where U' = U — { 77 }. 
To see this we take two different vertices a,b G y(G -I- H). Notice that since B is fc-adjacency 
basis of H, there exists exactly one vertex x G V{H) such that B C Nh{x) and for any y G 
V{H) — {x} it holds \B — NH{y)\ > k. If a, 6 G V{G), then {CG+nia, &) fl A| = \CKi+Gia, b)nU'\ = 
\CKi+Gio,b) n U\ > k. If a, 6 G V{H), then \CG+Hia,b) n A| = \CHia,b) n (H U {a;})| > fc. 
Now, assume that a G V{G) and b G V{H). Since IP U {b} is a fc-adjacency basis of (b) -\- G, 
we have that |C(t,)+G(0) C C/'| > fc — 1. Furthermore, \C(^a)+Hio,,b) fl (i? U {a;})| > 1. Hence, 
\CG-\-H{a,b) n A| = |C(b)+G(a, fc) n U'\ -\- |C(a)+ 77 (a, fc) fl (H U {x})| > fc. Therefore, A is a fc- 
adjacency generator for G -I- iL and, as a consequence, adimfc(G -I- iL) < |A| = \U'\ -|- |H U {x}| = 
(adimfc(Ai -|- G) — 1) -I- (adimfc(iL) -I- 1) = adimfc(Ai -|- G) -I- adimfc(iL). 

Case 2. There exists a fc-adjacency basis B' of H such that \B' — Nnih')] > 1, for all h' G V{H). 
We take X = IP U B' and we proceed as above to show that A is a fc-adjacency generator for 
G -\- H. As above, for a, fc G V{G) or a, fc G V{H) we deduce that |CG+_f 7 (a, fc) C A| > fc. Now, for 
a G V(G) and fc G V(H) we have fc) nU'\ > k — 1 and \C(^a)+H{a,h) n B'\ > I. Hence, 

|CG+ 77 (a, fc)nA| = |C^t,)+G(Q; fc)CC/'|-|-|C^a)+//(a, &)ni?| > fc and, as a consequence, adimfc(G-l-iL) < 
lAl = \U'\ -\- \B'\ = (adimfc(Ai -|- G) — 1) -I- adimfc(iL) < adimfc(Ai -|- G) -I- adimfc(iJ). □ 
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By Proposition 37 and Theorem 44 we obtain the following result. 

Proposition 45. Let G and H be two non-trivial graphs. If for any adjacency basis A of G, there 
exists g G V((G) such that A C Ncig) and for any adjacency basis B of H, there exists h G V{H) 
such that B C Nnih), then 

adimi(G + H) = adimi(G) + adimi(7J) + 1 


Otherwise, 


adimi(G + H) = adimi(G) + adimi(iJ). 


Corollary 46. Let G and H be two nontrivial graphs and k G {1,... ,C{G+H)'\. //adimfe(iGi+G) = 
adimfc(G), then 

adimfe(G -\- H) = adim/c(G) + adim/c(i7). 


In the previous section we showed that there are several classes of graphs where adimfe(iGi+G) = 
adimfe(G). This is the case, for instance, of graphs of diameter D{G) > 6, or G G {P„, G„}, n > 7, 
or graphs of girth g(G) > 5 and minimum degree 5{G) > 3. Hence, for any of these graphs, any 
nontrivial graph H, and any k G {1, ■ ■ ■, min{C(i7), C(iGi + G)}} we have that adimfc(G + H) = 
adimfc(G) + adimfc(7J). 


Theorem 47. Let G and H be two nontrivial graphs. Then the following assertions are equivalent: 


(i) There exists a k-adjacency basis Aq of G and a k-adjacency basis Ah of H such that \{Ao — 
Ncix)) U {Ah — iVij(?/))| > k, for all x G V{G) and y G V{H). 

(ii) adimfe(G -\- H) = adimfe(G) + adimfe(iJ). 


Proof. Let Aq be a fc-adjacency basis of G and and let Ah be a fc-adjacency basis of H such that 
\{Ac—NGix))U{AH—NH{y))\ > k, for all x G V{G) and y G V{H). By Theorem 44 , adimfe(G+i7) > 
adimfe(G) + adim/c(iJ). It remains to prove that adimfc(G + H) < adimfe(G) + adim/c(i7). We will 
prove that A = Ac U Ah is a /c-adjacency generator for G + H. We differentiate three cases for 
two vertices x,y G V{G + H). x,y G V{G), then the fact that Aq is a fc-adjacency basis of G 
leads to k < \Ag OCG{x,y)\ = \Ar\CG+H{x,y)\. Analogously we deduce the case x,y G V{H). If 
X G V{G) and y G V{H), then the fact that CG+H{x,y) = {V{G) — Ng{x)) U {V{H) — Nniy)) and 
\{Ag — Ng{x)) U {Ah — NH{y))\ > k leads to \A n Cg+h{x, 2/)| > k. Therefore, A is a /c-adjacency 
generator for G + H, as a consequence, |A| = |Ag| + |A//| = adimfe(G)+ adimfe(i7) > adimfc(G + 77). 

On the other hand, let i? be a fc-adjacency basis of G + H such that \B\ = adimfe(G) + adimfe(i7) 
and let Bg = B Ci V{G) and Bh = B Ci V{H). Since for any gi,g 2 G V{G) and h G V{H), 
h ^ CG+H{gi, 92 ), we conclude that Bg is a fc-adjacency generator for G and, by analogy, Bh is a 
fc-adjacency generator for H. Thus, |i?G| > adimfe(G), \Bh\ > adim/c(iL) and \Bg\ + \Bh\ = \B\ = 
adimfe(G) +adimfc(i7). Hence, |i?G| = adimfc(G), \Bh\ = adimfc(i7) and, as a consequence, Bg and 
Bh are /c-adjacency bases of G and H, respectively. If there exists g €V (G) and h €V {H) such that 
\{Bg - NG{g))U{BH - NH{h))\ < k, then \B nCG+H{g, h)\ = \{Bg - NG{g))'J {Bh - NH{h))\ < k, 
which is a contradiction. Therefore, the result follows. □ 

We would point out the following particular cases of the previous result^. 

Corollary 48. Let Gn be a cycle graph of order n > 5 and Pn' a path graph of order n' > 4 . If 
G G {Kt + Gn, Nt + Gn}, then 


adimi(G) 


2n + 2 
5 


-|- t — 1 and adim 2 (G) 


'n' 

2 


+ t. 


If G G {Kt + Pn', Kt + Pn'}, then 


adimi (G) 


2n' + 2 
5 


+ t — 1 and adim 2 (G) 


n' + 1 
2 


+ 1 . 


^Notice that for n >7 and n' > 6, this result can be derived from Corollary 46. 
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Proof. Let Gi € {Kt, Nt} and G 2 € {Pn, Gn}- By Propositions 32 and 33 we deduce that adim2(G'2) — 
^(^2) > 1- On the other hand, for any 2-adjacency basis A of Gi and x € V{Gi) we have 
\B — NG^{y)\ € Therefore, by Theorem 47 we obtain the result for G = Gi+ G'2- □ 

Corollary 49. Let G be a graph of order n > 7 and maximum degree A(G) < 3. Then for any 
integer t >2 and H S {Kt,Nt}, 


adim2(G -I- H) = adim2(G) -I- t. 

Proof. By Theorem 18 we deduce that adim2(G) > 4, so for any 2-adjacency basis A oi G and 
X € 14(G) we have \A — A^G(a;)| > 1- Moreover, for any 2-adjacency basis B oi H and y G V{H) we 
have \B — Nh{v)\ G {1;^}- Therefore, by Theorem 47 we obtain the result. □ 

Corollary 50. Let G and H be two graphs of order at least seven such that G is ki-adjacency 
dimensional and H is k 2 -adjacency dimensional. For any integer k such that A(G) -I- A(iJ) — 4 < 
k < min{fci, ^2}, 

adim/c(G + H) = adimfc(G) -I- adimfc(i7). 

Proof. By Theorem 18, for any positive integer k < min{A:i,fc2}, we have adim/c(G) > k 2 and 
adimfc(7J) > k+2. Thus, if fc > A(G)-|-A(i7)—4, then (adimfe(G) —A(G))-|-(adimfe(iJ) —A(iJ)) > k. 
Therefore, by Theorem 47 we conclude the proof. □ 

As a particular case of the result above we derive the following remark. 

Remark 51. Let G and H be two S-regular graphs of order at least seven. Then 

adim2(G -\- H) = adim2(G) -I- adim2(i7). 
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